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We propose a theoretical framework for reconstructing tip-surface interactions using the intermodulation
technique when more than one eigenmode is required to describe the cantilever motion. Two particular cases
of bimodal motion are studied numerically: one bending and one torsional mode, and two bending modes. We
demonstrate the possibility of accurate reconstruction of a two-dimensional conservative force field for the former
case, while dissipative forces are studied for the latter.
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I. INTRODUCTION

Atomic force microscopy1 (AFM) has become one of the
most important tools for the study of nanometer-scale surface
properties of a wide range of materials. The initial goal of
AFM was surface topography imaging which was performed
by scanning a cantilever with a sharp tip over a surface while
keeping its deflection constant. It was later realized that the
reconstruction of tip-surface interactions was possible and that
these interactions contain valuable information about material
properties.2,3 One of the first reconstruction methods was based
on measurement of the quasistatic bending of the cantilever
beam as its base was slowly moved toward and away from the
surface. Two drawbacks of this method are the slow speed of
measurement and the lack of ability to reconstruct dissipative
forces which are always present in tip-surface interactions due
to nonelastic deformations of the sample, breaking chemical
bonds, or other irreversible processes.4–8

The development of dynamic AFM opened new pathways
for a more profound study of tip-surface interactions. In
dynamic AFM the cantilever is treated as an underdamped
oscillator (high Q factor) driven at a resonance where the
response to external forces is enhanced by a factor Q. A variety
of methods for determining the tip-surface interaction have
been devised,9–15 some making use of amplitude or frequency
modulation.16–25 In this paper we consider intermodulation
AFM (ImAFM)26 which can rapidly extract a large amount of
information about tip-surface interactions in a relatively simple
and convenient way.27,28 With ImAFM we have the possibility
of high resolution surface property mapping at interactive scan
speeds and reconstruction of the tip-surface interaction at each
pixel.

The main idea underlying ImAFM is to use the nonlinear
tip-surface forces to create high-order intermodulation of
discrete tones in a frequency comb.29 The method can be
generally applied to any resonator subject to a nonlinear
force when it is driven with at least two frequencies ωd1 and
ωd2. Nonlinear response in the frequency domain occurs not
only at the drive frequencies and their harmonics nωd1 and
mωd2, where n and m are integers, but also at their linear

combinations nωd1 + mωd2 or intermodulation products. Due
to the signal enhancement near resonance and finite detection
noise in measurement, a typical spectrum of cantilever motion
can be obtained only in a narrow frequency band near a
resonance. Concentrating as many intermodulation products
as possible close to a resonance results in more information
for reconstruction of the nonlinear forces (Fig. 1).

The sensitivity enhancement of dynamic AFM occurs not
only at one single eigenmode, but at several eigenmodes
simultaneously. Measurement of the sample response at higher
frequencies is reported to improve contrast when imaging
and enable material property measurements.30–36 If we also
excite a torsional resonance of the cantilever we open up
the possibility of measuring lateral forces acting on the
tip.37–39 Additionally, when driving the cantilever at more than
one eigenmode, new frequency bands become available
for collecting intermodulation products, resulting from the
nonlinear force which couples multiple eigenmodes.40 While
ImAFM has been well studied for the case of one flexural
mode,27,28,41–43 the multi-eigenmode problem remains open.
In the current investigation we explore the possibility of
reconstructing two-dimensional tip-surface force fields using
bimodal tip motion in one dimension (exciting two flexural
modes) as well as in two dimensions (exciting one flexural
and one torsional mode).

The paper is organized as follows: in Sec. II we consider
general properties of the cantilever model and tip-surface
interactions. In Sec. III we recount the basic principles of
ImAFM, demonstrate how to obtain intermodulation spectra
of tip-surface forces, and develop an extension of the spectral
fitting method27,28 of force reconstruction for the multimodal
case. In Sec. IV numerical results for the reconstruction of two-
dimensional conservative and dissipative forces are presented.
Section V concludes with a discussion and summary.

II. THE MODEL

In order to proceed with the multimodal problem we should
start from some general discussion of cantilever dynamics.44,45

If we are interested in studying only flexural modes,
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FIG. 1. (Color online) Appearance of new frequencies in the
spectrum of the tip motion in ImAFM due to the nonlinearities in
the tip-surface interaction. The dashed line shows the characteristic
range of the tip-surface force.

one-dimensional Euler-Bernoulli beam theory46–49 is suffi-
cient. Incorporating torsional modes requires the cantilever
to be regarded as a two-dimensional object. Many theories
have been developed describing the continuum mechanics
of two-dimensional plates.50–53 A general description of an
arbitrary two-dimensional cantilever (Fig. 2) is given by the
governing equation

(Gxy + Gt )[w(x,y,t)] = F + f, (1)

with an appropriate set of boundary conditions. Here x and
y are the two space coordinates, t is time, w(x,y,t) is the
dynamic deflection of the plate normal to the x-y plane of
the plate at rest, Gxy is a space coupling operator which cor-
responds to the two-dimensional mathematical model relating
the stresses to the deformations in thin plates, and Gt is a time
evolution operator which represents inertia and damping. F

and f are a scalar quantities which are projections onto w, of
the two-dimensional vector force field acting on the tip, and the
drive, respectively. In general, the projected tip-surface force
F can depend explicitly on the deflection w, its velocity ẇ,
past trajectories {w,ẇ}|t−∞, and time t . In this paper we restrict
ourselves to F which are not dependent on past trajectories. We
consider only the case of small deflections, so Gxy and Gt are
linear. For example, within the Kirchhoff-Love plate theory50

the space operator for a homogeneous cantilever reads

Gxy := 2h3E

3(1 − ν2)

(
∂4

∂x4
+ 2

∂4

∂x2∂y2
+ ∂4

∂y4

)
, (2)

where 2h is the cantilever thickness, E is the Young’s modulus,
and ν is the Poisson’s ratio. The theory assumes that a midsur-
face plane can be used to represent a three-dimensional plate
in a two-dimensional form. The time evolution operator Gt

consists of an inertial term, and for the case of a homogeneous
viscous media, a linear damping term

Gt := 2ρh
∂2

∂t2
+ 2γ

∂

∂t
, (3)

where ρ is the cantilever density and γ is a damping coefficient.
The linearity of Gxy and Gt gives a dynamics of the two-

dimensional cantilever which is well approximated by a system
of differential equations for the generalized coordinates qi

representing deflections of its normal modes (see the Appendix
for a derivation)

ki

(
1

ω2
i

q̈i + 1

Qiωi

q̇i + qi

)
= Fi(t) + fi(t). (4)

Here each generalized coordinate qi has a stiffness ki , resonant
frequency ωi , and quality factor Qi . Fi(t) is the projection of
the nonlinear tip-surface force and fi(t) is the projection of the
drive force onto the ith eigenmode. The problem of mapping
the eigenmode coordinates qi onto the physical position of the
tip r ≡ (z,y)ᵀ (hereafter ᵀ denotes transpose), as well as the
relationship between Fi and the actual vector force field acting
on the tip Fts(r,ṙ), is determined by the cantilever and tip
geometry, as briefly discussed in Sec. IV.

III. RECONSTRUCTING FORCE FROM
INTERMODULATION WITH MULTIPLE

EIGENMODES

We recall the basic steps to get information about the
projected tip-surface force Fi in the frequency domain using
the intermodulation technique. First, we excite one or several
generalized coordinates [Eq. (4)] with the drive fi and measure
its motion spectrum at the height h0, far from the sample
surface, so Fi |h0 � 0 for all t . This free oscillation spectrum
is denoted

q̂i |h0 = χi f̂i , (5)
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FIG. 2. (Color online) Schematic representation of the two-dimensional cantilever and detection principle in AFM.
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where the hat represents the discrete Fourier transform (DFT)

q̂(nδω) ≡ F[q(t)](nδω) :=
M−1∑
m=0

q(mδt)e−2πınm/M (6)

of a signal measured M times with an interval δt and the linear
response function χi is introduced

χi(ω) = k−1
i

[
1 + ı

Qi

(
ω

ωi

)
−

(
ω

ωi

)2]−1

. (7)

Using pairs of drive tones with the same amplitude Ai which
are separated by δω and placed close to each resonance niδω <

ωi < (ni + 1)δω, where ni is an integer,

fi(t) = Ai{cos(niδωt) + cos[(ni + 1)δωt]}, (8)

we obtain a free, linear response spectrum [Eq. (5)] consisting
of components only at the drive frequencies niδω and (ni +
1)δω (Fig. 1). Data acquisition in ImAFM should be performed
over at least one total period of the drive T = 2π/δω while
measuring subsequent periods only improves the SNR of the
measured spectra.54,55

We then move the cantilever closer to the sample to the
engaged height h, so the oscillating tip starts to interact with a
surface and measure the motion spectrum again

q̂i |h = χi(F̂i + f̂i). (9)

Finally, the difference between this engaged motion spectrum
[Eq. (9)] and free motion spectrum [Eq. (5)] yields the desired
interaction force spectrum

F̂i = χ−1
i

(
q̂i |h − q̂i

∣∣
h0

) ≡ χ−1
i 
q̂i, (10)

where the finite difference operator 
 is used for short. Thus,
we have obtained information about the projection of the
tip-surface force Fi in the frequency space representation of the
motion and we are in a position to discuss the reconstruction
of its dependence on the generalized coordinates qi and
velocities q̇i .

Under ideal conditions, given the full difference spectrum

q̂i and corresponding response function χi , it is possible to
find Fi(t) as the inverse Fourier transform of F̂i(ω) and then
trivially recover its coordinate dependence Fi({qi,q̇i}) using
the measured motion qi(t). However, in real experiments this
naive approach fails due to the strong frequency dependence
of χi and the measurement limitations imposed by detection
noise. In practice, almost all of the spectrum q̂i is buried under
detector noise except for a narrow band near its resonant
frequency where the signal-to-noise ratio (SNR) meets the
thermal limit. Usually the number of resolvable spectral com-
ponents Bi in a band surrounding each eigenmode resonance is
limited to a few dozen, depending on the difference frequency
δω and the forces experienced during the interaction. The use
of several (N ) eigenmodes allows for a larger total number of
frequency components B = ∑N

i=1 Bi for force reconstruction.
Different methods have been elaborated for the single mode

reconstruction problem using this limited amount of response
in the resonant detection band.27,28,41–43 Here we develop an
extension of the spectral fitting method27,28,43 for the multi-
modal problem as it allows for a straightforward generalization
without involving any sophisticated concepts.41 Following the
method’s main idea, one assumes a tip-surface force in the

form of some known model function F̃i(q1, . . . ,qN ; g) with a
vector g = (g1, . . . gP )ᵀ of P unknown parameters. Fitting the
calculated spectrum ˆ̃Fi(ω) to the measured F̂i(ω) [Eq. (10)],
we minimize the error function in the frequency domain, in a
least-square sense

min
g

êi = F̂i − ˆ̃Fi(q1, . . . ,qN ; g). (11)

The model F̃i can be a particular phenomenological
expression, for example the van der Waals–Derjagin–Muller–
Toporov (vdW-DMT) force56 or its modifications.5,57,58 How-
ever, in the general case we do not know the exact form
of the interaction and should choose some generic function
structure, for instance a truncated power series expansion in
the following polynomial form:

F̃i(q1, . . . ,qN ) =
P1∑

i1=0

· · ·
PN∑

iN=0

gi1···iN q
i1
1 · · · qiN

N = qᵀg. (12)

Here Pi is the degree of the polynomial in qi , q and g are
vectors of basis functions and parameters, respectively, each
being of size P = ∏N

i=1 Pi ,

q = (
1, q1, q2

1 , . . . , q2, q1q2, q2
1q2, . . .

)ᵀ
,

(13)
g = (g00..., g10..., g20..., . . . , g01..., g11..., g21..., . . . )ᵀ.

Although the polynomial model is more universal, it usually
contains a much larger number of unknown parameters59

which do not directly correspond to physical properties of
the material or surface.

Inserting Eq. (12) into Eq. (10), we obtain a system of
linear equations for the polynomial coefficients gi1...iN which
is conveniently represented in matrix notation60

g = Ĥ+F̂i , (14)

where Ĥ is a B × P matrix with rows Ĥn = Fn[qᵀ] (n is the
corresponding component of the discrete Fourier transform of
q), Ĥ+ its Moore-Penrose pseudoinverse, and F̂i a vector of
size B.61 Note that total number of unknown parameters P

cannot be greater than B and in the case of an overdetermined
system (P < B) the pseudoinverse will give a unique solution
to Eq. (12) in a least-square sense [Eq. (11)]. Reconstruction of
the velocity-dependent part of the force Fi can be performed
in the same way as for a conservative force, by polynomial
expansion in q̇i with corresponding coefficients.

IV. RECONSTRUCTION OF TIP-SURFACE FORCES FROM
MULTIMODAL INTERMODULATION AFM SPECTRA

The reconstruction of tip-surface force from multiple
eigenmodes is thus a straightforward generalization of the
single eigenmode problem, albeit with the complication of
keeping track of multiple modes and the possibility that
tones can intermodulate between these modes. From an
algebraic point of view the spectral fitting method can be
regarded as a multivariate interpolation62 and the simplest
model which is linear in the parameters suffers from Runge’s
phenomena63,64 when high-order nonlinearities couple the
multiple eigenmode coordinates. Furthermore, reconstruction
from many eigenmodes is a multidimensional problem with
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many model parameters and it will ultimately suffer from
the need to either calibrate or determine these parameters
from the limited number of intermodulation products that
can be extracted from the narrow frequency bands near the
resonances.

In a real experiment, the AFM detector is typically not
able measure over a frequency range which covers many
eigenmodes of the cantilever. Furthermore, the AFM detector
is only capable of measuring two signals, corresponding to
two orthogonal motions of the cantilever, that of flexing and
twisting. The case of only two eigenmodes is therefore a
reasonable simplification of the multimodal problem which is
of great practical interest. In the following we restrict ourselves
to this bimodal case.

We are interested in reconstruction of the two-dimensional
tip-surface vector force field Fts(r,ṙ) which depends on the
physical tip position in the y-z plane, r = (z,y)ᵀ. Before we
proceed with the two-mode analysis we should map the set
of forces Fi acting on the cantilever eigenmodes qi onto the
physical force Fts. With this aim, we can transform the basis set
for defining qi to separate “pure” modes from “mixed” modes.
Applying some coordinate transformation, the exact form of
which depends on the geometrical shape of the cantilever, we
obtain the pure eigencoordinates zi and yi contributing only
to the tip position perpendicular and parallel to the surface,
respectively. The remaining q×

i are mixed eigencoordinates of
the cantilever, or cross modes contributing to both coordinates
z and y simultaneously, so that

z =
∑

zi +
∑

q×
i · z, y =

∑
yi +

∑
q×

i · y. (15)

Here the second terms are projections of the mixed eigenco-
ordinates onto the tip coordinate system (z,y). In doing so,
the force Fts is projected onto the (z,y) so that its components
parallel to the surface Fz and perpendicular to the surface Fy

act on the corresponding pure modes, i.e., Fi = Fz for each zi ,
Fi = Fy for each yi , and different force projections act on the
mixed modes.

Simultaneous excitation of the several pure eigenmodes
coupled by nonlinear tip-surface interaction leads to excitation
of the mixed modes which allows for measurements of the
response in additional frequency bands. Although it would
provide additional information, in this paper we investigate
the simplest multimodal motion, that of pure bimodal motion
without considering the cross modes. In this case, analysis of
the cantilever dynamics reduces to study of two characteristic
regimes: bimodal motion of the collinear eigencoordinates
(e.g., two flexural or torsional modes) and orthogonal eigenco-
ordinates (one flexural and one torsional mode). Let us proceed
with the former.

A. Case 1: Bimodal tip motion in one dimension

This case corresponds to the dynamics of two flexural
modes z1 and z2, so that the total perpendicular tip deflection
z = z1 + z2,

k1

(
1

ω2
1

z̈1 + 1

Q1ω1
ż1 + z1

)
= Fz(z,ż) + f1(t),

(16)

k2

(
1

ω2
2

z̈2 + 1

Q2ω2
ż2 + z2

)
= Fz(z,ż) + f2(t).
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FIG. 3. (Color online) Simulated spectrum of the engaged can-
tilever motion with two flexural modes. Two peaks are clearly seen
above noise level near the resonant frequencies ω1 and ω2 which
consist of the intermodulation products depicted in insets. The
spectrum is obtained by integrating Eq. (16) with the tip-surface
force [Eq. (22)] and subsequent addition of white noise.

Here, on the right-hand side, we have the same vector compo-
nent Fz of the tip-surface force field65 depending on z and ż.

First, let us consider a model for the position-dependent
part of Fz in some general form

F̃z(z1,z2) =
Pz1∑
i=0

Pz2∑
j=0

gij z
i
1z

j

2 . (17)

This model requires determination of a large number Pz(Pz −
1)/2 of coefficients gij in order to define the polynomial of
order Pz = Pz1Pz2 . If we use the fact that Fz(z1,z2) = Fz(z1 +
z2) we can define a polynomial of the form

F̃z(z1 + z2) =
Pz∑
i=0

gi(z1 + z2)i , (18)

which contains only Pz + 1 unknown coefficients gi . In this
case we should consider not two separate spectra of dynamic
variables ẑ1 and ẑ2 but one united spectrum ẑ = ẑ1 + ẑ2 which
is actually measured. As a result, it is possible to obtain a
tip-surface interaction spectrum F̂z (Fig. 3),

F̂z = χ−1
ẑ, (19)

making use of the total response function66 χ = χ1 + χ2

depicted in Fig. 4.
Prior to force reconstruction it is necessary to investigate

what kind of information about Fz is contained in the spectral
bands for z1 and z2. In the current investigation we try to
reconstruct the force using information contained only in the
narrow frequency bands near ω1 and ω2, so all weak response
peaks outside these bands are discarded. We also require that
the second resonance frequency ω2 is not an integer multiple
of the ω1, so the second band does not capture any higher
harmonics and intermodulation products produced by the drive
in the first band. If ω2 were a harmonic of ω1 it would be of
considerable advantage for force measurement.67 Considering
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FIG. 4. (Color online) Total transfer function χ (black solid line)
for the cantilever with two flexural modes with transfer functions χ1

and χ2 (green and blue dotted lines, respectively).

the monomial basis [Eq. (18)] we can approximately evaluate
the Fourier spectrum of the ith power F[zi] = F[z] ∗ · · · ∗
F[z] via convolution of the transfer function χ with itself,
which gives an upper bound of the response in the frequency

One-dimensional case
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FIG. 5. (Color online) (a) Response spectra for powers of a
single dynamic variable with two resonances and (b) two separate
variables, each with one resonance. Two frequency windows near
resonances ω1 and ω2 are highlighted with light green and blue
colors, respectively. Red dashed line means that the corresponding
maximum response lies outside the frequency bands. Tables on the
right indicate how dynamical variable combinations contribute to the
corresponding narrow spectral bands: almost no contribution (red),
maximum contribution into the first band (light green), second band
(light blue), or both bands.

domain. Figure 5(a) demonstrates that only components with
odd powers i have significant value in the narrow bands near
the resonances. Consequentially, only parameters gi for odd
powers zi (i odd) can be found directly using the measured
spectrum. Although two flexural modes give us twice the
number of spectral components in comparison with single
mode case, the addition of a second mode does not provide
any additional information. The reason being that in both
cases of one- and two-dimensional tip motion, the measured
spectrum in the narrow bands near resonances consists of
convolutions of motion spectra of two corresponding degrees
of freedom F[qi

1] ∗ F[qj

2 ]. However, in the one-dimensional
case a force depends on the sum coordinate, i.e., F (z,ż), where
z = z1 + z2, which leads to equal information about the force
in both bands. This is in contrast to the two-dimensional case,
where the force has a separate dependence on each coordinate
z and y.

Having solved the system for the odd parameters, we
can use them to recover the even parameters by applying
an additional constraint: That the tip-surface force for tip
positions above its rest point approximately equals zero60

Fz(z > 0) ≈ 0, which leads to the system of equations at all
measured times ti when zi ≡ z(ti) > 0,

Zevengeven = −Zoddgodd, (20)

where geven = (g0,g2, . . . ,gPz−1)ᵀ, godd = (g1,g3, . . . ,gPz
)ᵀ,

and Zeven and Zodd are matrices with elements zeven
ij = z

2j

i and

zodd
ij = z

2j+1
i respectively.

Reconstruction of the velocity-dependent part of Fz is
achieved by adding a new variable ż = ż1 + ż2 to the model
[Eq. (18)] which consequently increases the number of
parameters by the degree of the polynomial in ż,

F̃z(z,ż) =
Pz∑
i=0

Pż∑
j=0

gij z
i żj . (21)

Since F[zi żj ] ∝ F[zi+j ], only coefficients gij in front of zi żj

where i + j is odd can be determined from the measured
spectrum. While coefficients before zż, z3ż, zż3, etc. can be
found using Eq. (20).

We simulate the one-dimensional bimodal case using the
CVODE integrator68 with ω1 = 2π 300 kHz, k1 = 40 N/m,
Q1 = 400, ω2 = 6.3ω1, k2 = 50k1, Q2 = 3Q1 (ratios for the
second mode are taken from Ref. 69). The driving forces f1,2

are chosen to have the same phase and give equal maximum
free response (when Fz ≡ 0) at each mode Az1 = Az2 =
12.5 nm so the total maximum amplitude of oscillations
is Az = 25 nm; all four drive frequencies ω1,2 ± δω/2 are
integer multiples of a base frequency δω = 2π 0.2 kHz. The
engaged height h above the surface is 17 nm. The model of
the tip-surface force Fz is the vdW-DMT force56 with the
nonlinear damping term exponentially dependent on the tip
position

Fz(z,ż) = F con
z (z) + F dis

z (z,ż).

F con
z (z) =

{− HR
6(z+h)2 , z + h � a0,

−HR

6a2
0

+ 4
3E∗√R[a0 − (z + h)], z + h < a0,

F dis
z (z,ż) = −(γ1ż + γ3ż

3)e−(z+h)/λz , (22)
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FIG. 6. (Color online) (a) The actual vdW-DMT force with position dependent damping used in the simulation shown for the region of
the free tip motion with bimodal drive of fixed total amplitude (A1 + A2 = 25 nm). White and black dashed lines circumscribe the regions of
phase space for single mode drive of the first and second modes, respectively, with amplitude 25 nm (difference between maximum velocities
is about an order of magnitude). (b) Reconstructed force shown in the region of the engaged tip motion. Cross sections (a)–(c) are depicted in
Figs. 7(a)–7(c) to highlight agreement between the actual force used in simulation and the reconstructed force.

with the following seven phenomenological parameters:
intermolecular distance a0 = 0.3 nm, Hamaker constant
H = 7.1 × 10−20 J, effective modulus E∗ = 1.0 GPa, tip
radius R = 10 nm, damping decay length λz = 1.5 nm,
and damping factors γ1 = 2.2 × 10−7 kg/s and γ3 = 10−22

kg s/m2 [Fig. 6(a)]. It is worth noting that the calibration
of the second eigenmode parameters ω2, Q2, and k2 which
are required for force reconstruction as well as optical lever
responsivity,70 is itself a challenging task in multimodal
AFM.69,71,72

Numerical results show that the force reconstruction using
higher powers of żj (j > 1) is less reliable as it encounters two
principal difficulties: (i) In order to find a larger number of pa-
rameters gij , a larger number of the intermodulation peaks with
lower SNR should be used because the second band does not
bring new information about nonlinear forces; and (ii) there is a
lack of information needed to restore the additional coefficients
gij (i + j even) in Eq. (21), as we do not have a constraint on
ż dependence analogous to Eq. (20). Therefore, we do not
reconstruct the nonlinear (nonviscous) part of the dissipative

force [Eq. (22)] and restrict the model [Eq. (21)] to be linear in
ż (Pż = 1).

Using B1,2 = 24 peaks in each band (Fig. 3) for the
reconstruction, we assume the model degree in z [Eq. (21)]
to be Pz = 21. This numerical analysis suggests that there is
no difference in the quality of the reconstructed force using in-
termodulation products from frequency bands surrounding the
first, second, or both resonances. We show results for the recon-
structed F̃z(z,ż) and its cross sections in Figs. 6(b) and 7 using
only the resonant detection band around the first eigenmode.
The linear fit [Eq. (21)] for the model with nonlinear damping
[Eq. (22)] nicely captures the overall trend of the dissipative
part and the reconstructed conservative part demonstrates ex-
cellent agreement with the actual force. If we simulate Eq. (16)
using the force Fz linear in ż, for instance assuming γ3 = 0
in Eq. (22), the reconstructed force F̃z shows nearly perfect
agreement with the actual force Fz (figures are not included).

One can compare the information contained in the two
frequency bands near each eigenmode resonance by estimating
the quality of the reconstruction as a function of the number
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FIG. 7. (Color online) Cross sections of the reconstructed tip-surface force (black) with comparison to the actual force used in simulation
(red) for the cantilever driven at two flexural modes (z1 and z2). (a) F̃z(z,ż = 0); (b) F̃z(z,ż = 0.2żmax) − F̃z(z,ż = 0); and (c) F̃z(z =
0.75zmin,ż). The linear fit for nonlinear damping nicely recovers the overall trend and the conservative part shows excellent agreement with the
actual force.
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FIG. 8. (Color online) Absolute error of the reconstruction of (a) conservative part of the tip-surface force [Fig. 7(a)] and (b) dissipative
part [Fig. 7(b)] versus number of spectral components taken into account in the first frequency band (blue circles) and in the second (green
squares).

of spectral components B1,2 used in the reconstruction, as the
least-square error function

ei(Bi) =
∫ zmax

zmin

[F̃z(z,ż|Bi) − Fz(z,ż)]2dz. (23)

This error function is plotted versus the number of spectral
components in Fig. 8. We see similar behavior for both
bands: Significant drop in the error for the number of spectral
components larger than half of the polynomial power Pz = 21
in the expansion of F̃z, and no quantitative improvements for
a larger number of spectral components.

Another interesting observation regards the reconstruction
of a dissipative force which turns-on only for the tip velocities
ż, higher than the maximum velocity of the first mode z1 (for
some constant amplitude) and is zero otherwise. Information
from both bands gives approximately the same reconstructed
curves showing the overall trend of the dissipative part and
in excellent agreement for the conservative part (plots not
shown). However, reconstructing with spectral components
from only the first frequency band yields more accurate
dissipative force approximation as z1 has smaller stored
oscillation energy and, consequently, is more vulnerable to
the dissipative force than z2. Nonetheless, if we excited only
the first mode, we would not be able to reconstruct this
“threshold” dissipative force at all, as the magnitude of the tip
velocity would not be enough to turn on the dissipation.
Thus, simultaneous excitation of two eigenmodes allows one
to explore a wider region of the phase space of the tip
motion [Fig. 6(a)] while keeping the total maximum amplitude
constant.

B. Case 2: Bimodal tip motion in two dimensions

This case corresponds to the dynamics of one flexural z and
one torsional y mode

kz

(
1

ω2
z

z̈ + 1

Qzωz

ż + z

)
= Fz(z,y) + fz(t),

(24)

ky

(
1

ω2
y

ÿ + 1

Qyωy

ẏ + y

)
= Fy(z,y) + fy(t),

with two different projections of the conservative tip-surface
force, Fz and Fy on the right-hand side.

We start from the polynomial models for reconstruction

F̃z(z,y) =
Pz∑
i=0

Py∑
j=0

g
(z)
ij ziyj ,

(25)

F̃y(z,y) =
Pz∑
i=0

Py∑
j=0

g
(y)
ij ziyj .

As for the previous case it is not possible to find all parameters
of these models. We are limited in the number of measurable
intermodulation products and therefore in the maximum
degree of the polynomial. Therefore, we choose the z direction
as the most interesting degree of freedom, by which we mean
that the maximum degree of the polynomial in this variable
will be much higher than for y. In accordance to Fig. 5(b), the
information captured about the force Fz will be odd in z and
even in y and vice versa for Fy ,

F̃z(−z,±y) = −F̃z(z,y), F̃y(±z,−y) = −F̃y(z,y)

(26)

as the first flexural resonance ωz is typically far lower in fre-
quency than the first torsional resonance ωy .44 It is possible to
recover the coefficients g

(z)
ij of even powers of y and g

(y)
ij of odd

powers of y (when i + j is even) by using the additional con-
straint for the z dependence of the force components Fz,y(z >

0,y) ≈ 0 and Eq. (20). While the information about all coeffi-
cients of F̃z with odd powers of y and F̃y with even powers of y

is lost because we have no such constraint on the y dependence.
The simulation parameters for Eq. (24) are ωz =

2π 300 kHz, kz = 40 N/m, Qz = 400, ωy = 6.3ωz, ky =
50kz, Qy = 3Qz. The driving forces fz,y are chosen to have the
same phase and give maximum free response (when Fz,y ≡ 0)
Az = 25 nm and Ay = 12.5 nm; all four drive frequencies
ωz,y ± δω/2 are integer multiples of base frequency δω =
2π 0.2 kHz. The engaged height h above the surface is
17 nm. The model for the component of the tip-surface force
perpendicular to the surface Fz is the same vdW-DMT force
[Eq. (22)] used in the previous case, without the dissipation
term F dis

z . The model of the force component parallel to the
surface is a nonlinear conservative restoring force

Fy(z,y) = −(c1y + c3y
3)e−(z+h)/λz , (27)
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FIG. 9. (Color online) Components Fz and Fy of actual two-dimensional conservative force used in the simulation shown for the region
of the free tip motion [(a) and (b)] and reconstructed components shown in the region of the engaged tip motion [(c) and (d)]. Cross-sections
(a)–(c) are illustrated in Figs. 10(a)–10(c) to highlight agreement between the actual force used in simulation and the reconstructed force.

where λz = 1.5 nm, c1 = 0.22 N/m, and c3 = 0.1 N/m3 are
constants. These two components of Fts(r) are illustrated in
Figs. 9(a) and 9(b).

Using only 24 intermodulation peaks in each band for ẑ and
ŷ, the spectral fitting method reconstructs the two-dimensional
vector force field Fts defined by Eqs. (22) and (27) up to
the 21st power in z and third power in y [Figs. 9(c), 9(d),
and 10]. The reconstructed force is in good agreement with

the actual model near the surface and perfect agreement is
reachable if we assume the model for F̃z as Eq. (25), only
independent of y.

V. CONCLUDING REMARKS

In this paper we discussed the basic problem of multi-
modal AFM and we proposed a theoretical framework for
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FIG. 10. (Color online) Cross sections of reconstructed tip-surface force (black) with comparison to the actual force used in simulation
(red) for the cantilever driven at one flexural and one torsional mode (z and y). (a) F̃z(z); (b) F̃y(z,y = 0.2żmax); and (c) F̃y(z = 0.75zmin,y).
The reconstructed force is in good agreement with the actual force near the surface. Perfect agreement is reachable if we assume model for Fz

independent of y.
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reconstructing forces using the ImAFM technique. We demon-
strated the possibility of reconstructing tip-surface forces for
two characteristic bimodal cases. A crucial difference between
them was found: Measurement of response at the additional
eigenmode provides new information only in the case where
the force cannot be represented as a linear combination of
the two degrees of freedom, i.e., F (q1,q2) 	= F (q1 + q2). This
type of force is experienced by a tip interacting with a surface
when the cantilever is undergoing two-dimensional motion,
for example when the cantilever is excited at one torsional and
one flexural eigenmode. We studied such interaction and found
that we could reconstruct conservative forces which contained
the most nonlinear behavior in the first degree of freedom, and
are linear or cubic in the second degree of freedom.

For the case of one-dimensional motion, e.g., two flexural
modes where F (q1,q2) = F (q1 + q2), we found that excitation
of two modes with two well-separated resonances does not
allow for a precise reconstruction of a nonlinear damping force
using only the information contained in the narrow bands near
each resonance. However, the reconstruction using response
in only one band nicely captures the linear part, or that of
viscous damping. While the use of a higher frequency flexural
eigenmode does not in principle provide any new information,
it does allow for force reconstruction in a wider region of phase
space of the tip motion, enabling exploration of dissipative
interactions inaccessible to the first mode alone for a given
maximum amplitude of motion. We also found that the lower
frequency flexural eigenmode was more sensitive to dissipative
tip-surface forces.

From the analysis presented here we conclude that bimodal
AFM offers a significant advantage when one simultaneously
excites and measures response near two eigenmodes separating
orthogonal directions of tip motion. In this case, bimodal AFM
allows for simultaneous reconstruction of both vertical and
lateral forces and it represents a path toward the determination
of vectorial tip-surface force fields by frequency domain
multiplexing of the response of an AFM cantilever.
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APPENDIX: GENERALIZED EIGENCOORDINATES

We start from the governing equation for a two-dimensional
cantilever,

(Gxy + Gt )[w(x,y,t)] = F (x,y,t) (A1)

and try to find solution w(x,y,t) separated in time and space,
and expanded into the set of normal modes

w(x,y,t) =
∞∑
i=0

φi(x,y)qi(t). (A2)

Functions φi form orthonormal set on the geometrical shape
of cantilever c, ∫

c

φiφj d = δ
j

i , (A3)

where d ≡ dxdy and δ
j

i is the Kronecker δ.
Inserting solution [Eq. (A2)] into Eq. (A1) with the

following multiplication by φi and integration over the plane
c yields a system of differential equations for the generalized
coordinates qi(t),

qi

∫
c

φiGxyφi d + Gt [qi]
∫

c

φ2
i d =

∫
c

F (x,y,t)φi d,

(A4)

here the orthonormal condition [Eq. (A3)] is used.
Denoting Gi as a differential operator governing motion of

the ith generalized coordinate

Gi = ki + miGt , (A5)

where

ki ≡
∫

c

φiGxyφi d, mi ≡
∫

c

φ2
i d (A6)

are the effective stiffness and mass of the corresponding degree
of freedom, and considering damping and inertia

Gt := ∂2

∂t2
+ γ

∂

∂t
, (A7)

with some constant γ (homogeneous viscous medium damp-
ing), we arrive at the final system

ki

(
1

ω2
i

q̈i + 1

Qiωi

q̇i + qi

)
= Fi(t) + fi(t), (A8)

where the resonant frequencies ωi = √
ki/mi and quality

factors Qi = ωi/γ are introduced. Here the time-dependent
forces

Fi(t) + fi(t) :=
∫

c

φi(x,y)F (x,y,t) d (A9)

represent contributions of the tip-surface interaction and drive,
respectively.
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